DERIVED CATEGORIES OF SYMMETRIC PRODUCTS
AND MODULI SPACES OF VECTOR BUNDLES ON A CURVE
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ABSTRACT. We show that the derived categories of symmetric products of a curve are embedded
into the derived categories of the moduli spaces of vector bundles of large ranks on the curve. It
supports a prediction of the existence of a semiorthogonal decomposition of the derived category of
the moduli space, expected by a motivic computation. As an application, we show that all Jacobian
varieties, symmetric products of curves, and all principally polarized abelian varieties of dimension
at most three, are Fano visitors. We also obtain similar results for motives.

1. INTRODUCTION

Let X be a smooth projective curve of genus g > 2, and L be a line bundle on X of degree d.
The moduli space Mx (r, L) of rank r, determinant L semistable vector bundles on X is one of
the most intensively studied moduli spaces in the past decades. When (r,d) = 1, it is a smooth
projective Fano variety of dimension (2 —1)(g—1) of index two [Ram73]. Unless there is a specific
instruction, we assume the coprime condition from now on.

1.1. Derived category of the moduli space of vector bundles. Since the pioneering works of
Narasimhan in [Nar17, Narl8] and Fonarev-Kuznetsov in [FK18], many works have been done

to understand the bounded derived category of coherent sheaves D*(Mx (r, L)) of the moduli
space, in particular its semiorthogonal decomposition. Narasimhan, and independently Belmans—
Galkin-Mukhopadhyay, conjectured that in the rank two case, D’(Mx (2, L)) has an explicit semiorthog-
onal decomposition [Leel8, BGM23], where all indecomposable components are equivalent to
D’(X,), where X,, = X"/S,. A proof of this conjecture was recently announced by Tevelev and
Torres [TT21, Tev23].

For the higher rank case, in [GL20], it has been conjectured that the motive of Mx (r, L) can be
described as a direct sum of motives of products of X,, and Jac(X) [GL20, Conjecture 1.8]. From
Orlov’s conjecture [Orl05], we may have the following parallel conjecture on D®(Mx (r, L)).

Conjecture 1.1. The derived category D*(Mx (r, L)) has a semiorthogonal decomposition whose indecom-
posable factors are derived categories of products of X, with 0 < n < g — 1 and Jac(X).

For r = 3, Gomez and Lee gave an explicit conjectural semiorthogonal decomposition.
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Conjecture 1.2 ((GL20, Conjecture 1.9]). The derived category D°(Mx (3, L)) has a semiorthogonal de-
composition

D’(Mx (3, L)) = ({2D"(Xg, x X,)}, D" (X1 x Xg-1)),
where (ky, ko) € Z2 such that ky + ko < 2(g— 1) or k1 + ko =2(g — 1) and ky < g — 1.

Even if Conjecture 1.2 does not admit a factor with Jac(X), it is implicitly included, because if
n > g, D’(X,,) is decomposed into D?(Jac(X)) and D®(X},) with k < g — 1 [Tod21, Corollary 5.12].
D’(Jac(X)) and D*(X,,) with n < g — 1 are indecomposable [KO15, Lin21]. Thus, Conjecture
1.2 provides a non-maximal semiorthogonal decomposition, and its refinement will have factors
described in Conjecture 1.1.

As the initial step towards a resolution of Conjecture 1.1, building upon earlier works of Narasimhan
in [Nar17, Nar18], Fonarev-Kuznetsov in [FK18], Belmans-Mukhopadhyay in [BM19], we proved
that D*(X) can be embedded into D*(Mx (r, L)) in [LM21, LM23] for any curve X, rank r > 2 and
coprime degree d. In this paper, we extend this result to symmetric products.

Theorem A. Suppose that r > 2n. Then D®(X,,) is embedded into D*(Mx (r, L)).
As we can see below, this result implies D?(Jac(X)) is embedded into D*(Mx (r, L)) if r > 2g.

1.2. Fano visitor problem. Mirror symmetry predicts that a mirror of a Fano variety is given by
a Landau-Ginzburg model and people have tried to understand Fano varieties via their Landau-
Ginzburg mirrors. From this perspective, it is essential to know which categories can appear as
semiorthogonal components of the derived categories of Fano varieties since we expect they will
also appear as Fukaya-Seidel categories associated with some critical loci of the Landau-Ginzburg
mirrors.

On the other hand, studying semiorthogonal decompositions of derived categories of Fano va-
rieties has played an important role in the theory of derived categories. It has many interesting
(sometimes conjectural) consequences to birational geometry, especially rationality, mirror sym-
metry, moduli spaces of ACM/Ulrich bundles, motives, quantum cohomology, and other geomet-
ric properties of Fano varieties. When the derived category of a Fano variety contains the derived
category of a projective variety, those two varieties are expected to interchange geometric infor-
mation. See [KKLL17, KL23] and references therein for more details. Therefore, it is interesting to
determine which categories can be embedded into the derived categories of Fano varieties.

Definition 1.3. Let V' be a smooth projective variety, and W be a smooth projective Fano variety.
If there is a fully faithful functor D*(V) — D®(W), we say V is a Fano visitor, and W is a Fano
host. The smallest dimension of Fano hosts of V' is called the Fano dimension of V' and denoted by
Fdim V. If there is no Fano host, we say Fdim V' = oc.

In 2011, Bondal asked the following fundamental question:

Question 1.4 (Bondal, [BBF16, Question 1.1]). Is every smooth projective variety a Fano visitor?

In other words, he asked if Fdim V' < oo for every smooth projective variety V. It was pre-
dicted by Orlov [Orl09, Conjecture 10] and recently proved by Olander [Ola23, Theorem 12]
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that D*(V) — DY(W) implies dim V' < dim W. This implies that dim V' < Fdim V and clearly
dimV = Fdim V if V is a Fano variety. Thus, one can use the Fano defect Fdim V — dimV to
measure how the given variety V' is different from the class of Fano varieties.

There are only a few cases where the affirmative answer to the Fano visitor problem is known.
Examples of Fano visitors include all curves [Narl7, Narl8, FK18], all complete intersections
[KKLL17], Hirzebruch surfaces [KL23], general Enriques surfaces [Kuz19], some K3 surfaces of
Picard rank one [Ara24], and some four-dimensional hyperkéhler varieties [BFR22].

Theorem A immediately implies that for any genus g > 2 curve X and n € Z>, its symmetric
product X, is a Fano visitor, and Fdim X,, < ((2n+1)2—1)(g— 1). On the other hand, D?(Jac(X))
is embedded into D°(X,) (Section 7). Thus, we obtain:

Theorem B. For any nonsingular projective curve X of genus g > 2, its Jacobian Jac(X) is a Fano visitor,
and Fdim Jac(X) < dimMx (29 +1,L) =4(g+ 1)g(g — 1).

After the paper had been circulated, Jenia Tevelev kindly informed us that he also proved
that X,, and Jac(X) are Fano visitors using the moduli space of stable pairs, and in particular,
Fdim X,, < max {3¢g — 3,3n + 1}. It also provides a bound Fdim Jac(X) < 3¢ + 1.

1.3. Idea of proof. Let M x(r, L) be the moduli stack of rank r, determinant L vector bundles
on X. Let £ be the universal bundle over X x Mx(r, L). Choosing a section o : Mx(r,L) —
Mx(r, L)*, we have a Poincaré bundle *E€ over X x Mx(r, L).

Inspired by earlier works in [LN21, TT21], define the Fourier-Mukai kernel F over X,, x Mx (r, L)
by taking the S,-invariant part of the push-forward ¢.(®), ¢;o*£)°", where ¢ : X" x Mx(r, L) —
X, X Mx(r, L) is the projection (Section 3.1) and ¢; : X™ x Mx(r,L) — X x Mx(r, L) is the pull-
back of the i-th projection X — X. Then F is a rank r" vector bundle over X, x Mx(r,L). We
consider the Fourier-Mukai transform @ : D?(X,,) — D*(Mx(r, L)) and show that ®z is fully
faithful.

Applying the Bondal-Orlov criterion (Theorem 3.6), the fully-faithfulness can be shown by eval-
uating cohomology groups of the form F, ® 7. Using the deformation of vector bundles, we may
replace the problem by computation of cohomology of bundles of the form ),_; Sx,&p,, where p;
are distinct points and S),&,, are Schur functors of the bundle &,, associated to partitions A;.

The cohomology groups of these ‘standard” bundles can be evaluated by employing the Borel-
Weil-Bott-Teleman theory (Section 5.1, [Tel98]) once the bundles are over the moduli stack M x (r, O)
of all bundles with trivial determinants. Under the numerical condition r > 2n, we identify these
cohomologies with that over Mx (r, L) by studying the contribution of the unstable locus (Section
4, [HL15]) and geometry of moduli spaces of parabolic bundles (Section 2.1).

In [LM21, LM23], we proved the case of n = 1. We employed the wall-crossing of the moduli
space of parabolic vector bundles and Kawamata-Viehweg vanishing theorem to obtain the de-
sired cohomological vanishing. However, because of the computational complexity, it is not easy
to generalize this method to larger n. Thus, we employed Teleman’s theory to overcome such a
difficulty. For r = 2, this approach was first suggested in [XY21].

1.4. Some questions. Here, we leave some questions for the interested readers.
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We believe the large rank assumption (r > 2n) is not essential. However, in our proof, it is
required to eliminate the contribution of the unstable locus (Section 4.2) and realize cohomological
boundedness via the deformation argument. Our combinatorial approach does not seem to work
for larger n compared with r (Section 5.2).

Question 1.5. Can we lift the large rank assumption from Theorem A?

From a motivic computation and earlier results [GL20, LM21, LM23], it is expected that more
than one copy of D°(X,,) are embedded in D*(Mx(r, L)) and derived categories of products of
symmetric products are embedded in D*(Mx(r, L)). However, only r < 3 cases have explicit
formulas yet. See [TT21, Theorem 1.1] and Conjecture 1.2 for these cases.

Question 1.6. Find an explicit semiorthogonal decomposition of D*(Mx (r, L)).

In our earlier work [LM21, LM23], the vanishing of cohomology was also used to show that &,
is an arithmetically Cohen-Macaulay (ACM) bundle on Mx (r, L) for any p € X.

Question 1.7. For any p C X and a collection of partitions A1, A, - - - , A\, under which condition is
the product of Schur functors ®f:1 S, Ep; an ACM bundle? Using this, can we show that M x (r, L)
has nontrivial families of ACM bundles with arbitrary dimensions? In other words, is M x (r, L) of
wild representation type [CH11]?

A natural question that arises from Theorem B is the following.

Question 1.8. Is every abelian variety a Fano visitor?

A parallel statement for motives is true. See Section 7 for details.

Proposition 1.9. All symmetric products of curves and abelian varieties are motivic Fano visitors.

1.5. Structure of the paper. Section 2 reviews the moduli space/stack of parabolic bundles, func-
torial morphisms between them, Schur functors of the universal bundle, and the GIT construction.
All results are classical. Section 3 defines the Fourier-Mukai kernel F. Section 4 explains the negli-
gibility of the contribution of unstable loci. In Section 5, employing the Borel-Weil-Bott-Teleman
theory, we prove the boundedness and triviality of certain vector bundles, which is a necessary
condition in the Bondal-Orlov criterion. Section 6 shows the simpleness of the restricted Fourier-
Mukai kernel and completes the proof of Theorem A. In the last section (Section 7), we prove
Theorem B and discuss the Fano visitor problem for motives.

Convention. We work over C. We use X to denote a smooth projective curve of genus g > 2. L is
a line bundle of degree d on X.
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Professor. He thanks Ludmil Katzarkov and Simons Foundation for partially supporting this work
via the Simons Investigator Award-HMS. He also thanks Claire Voisin for helpful discussions and
for telling him about her work on the Fano visitor problem for motives. We thank Jenia Tevelev
for interesting correspondence.
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2. MODULI SPACE OF PARABOLIC BUNDLES
In this section, we give an overview of the moduli space of parabolic bundles.

2.1. Moduli spaces of parabolic bundles. Let X be a smooth projective curve of genus g and let
p = (p1,--- ,px) be an ordered set of distinct closed points on X. For notational simplicity, we
only discuss parabolic bundles with full flags.

Definition 2.1. A parabolic bundle over (X, p) is a collection of data (E, {W/}) where

(1) Fis arank r vector bundle over X;
(2) Foreach1 < i < k, Wi € FI(E|,,), in other words, W is a strictly increasing sequence of
subspaces of E|p; as follows.

0CWICWy G- C Wi CEl,

Definition 2.2. Let Mx (7, L) (resp. Mx p(r,d)) be the moduli stack of rank r, determinant L
(resp. degree d) parabolic bundles over (X, p).

When k = 0, so there is no parabolic point, then M x (7, L) is the moduli stack M x(r, L) of
rank r vector bundles. Let £ be the universal bundle over X x Mx(r, L). There is a forgetful
morphism 7 : Mx p(r,L) = Mx(r, L) and for each point [E] € Mx(r, L), its fiber 7~1([E]) is a
product of flag varieties [[¥_, FI(E|,,). Thus,

MXyp(T, L) = XMX(T,L)F1(5|;7¢)'

To obtain a separated moduli stack with projective moduli space, one can employ a stability
condition. For the moduli space of vector bundles, there is a standard notion of slope stability, but
for parabolic bundles, the stability condition depends on numerical data, and they form a family.

Definition 2.3. A parabolic weight a is a collection of data a = (al,--- ,a¥) where each d} is a length

r strictly decreasing sequence of real numbers
1>a, >ay> - >a_;>a >0.

If o’ = 0 for all i, we say a is normalized.

For a pointed curve (X, p) with |p| = k, the space of normalized parabolic weights is the interior
of AF |, where A,_; is an (r — 1)-dimensional simplex. Indeed, A,_; = {(z;) € R" | Y/_ 2 =
1,z; > 0} and int A,_; is identified with the set of parabolic weights on a single point, after setting
aé =1, via ai — (aé — a;'—i-l)OSjST—l e A 1.

Definition 2.4. Let (E, {W{}) be a parabolic bundle. The parabolic degree of (E, {W¢}) with respect
toais

k
pardeg, (F, {W!}) := deg E + Z Z aé-.
i=1 j=1
Its parabolic slope is

7 _ pardega(Ev {WOZ})
pal B, {Wi) = Pk 20
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Fix a parabolic bundle (E, {W/}) over (X,p). Let F C E be a subbundle. For each point p;,
consider a (non-strictly increasing) filtration

WiNFly, CW3N Flp, C--- C Wi NF,

of F|,,. We define a full flag W|%., of F|,,, by taking (W|%); as W} N F,, with the smallest in-
dex ¢ such that dim(W/ N F,,) = j. We also define the induced parabolic weight b = (b%) as
b; = a’, hence a (non-normalized) parabolic subbundle (F,{W |, }). By taking the quotient bundle
Q = E/F and the quotient filtration im (W; — Qly,), one can define a quotient parabolic bundle
(Q,{(W/F),}) in a similar way. We define the quotient parabolic weight c on (Q, {(W/F),}) by
taking the complementary weight data of b.

Definition 2.5. Fix a parabolic weight a. We say a parabolic bundle (E, {W{}) is a-(semi)-stable if
for any parabolic subbundle (F, {W|%,}) with induced parabolic weight b,

o (FAW 2 1)(S) < palE,{WY).

Let Mx p(r,L,a) C Mx p(r, L) be the substack of a-semistable parabolic bundles.

There is a good moduli space p : Mx p(r, L,a) = Mx p(r, L,a), which is a normal projective va-
riety [MS80]. A good moduli space is an extension of the notion of the coarse moduli space of
a Deligne-Mumford stack to an Artin stack. Consult [Alp13] for the precise definition and basic
properties. If ¢ : M — M is a good moduli space map from an algebraic stack M, then it is co-
homologically affine (¢. is exact on quasi-coherent sheaves) and Oy — ¢.O ¢ is an isomorphism.
Practically, this implies that any cohomology computation of a quasi-coherent sheaf on M can be
done by taking the pull-back to the moduli stack. On the geometric side, the good moduli space
is a stack theoretic generalization of the GIT quotient map [V**/G] — V//G. Since the moduli
space Mx p(r, L, a) was originally constructed as a GIT quotient [MS80], it is a good moduli space
already. One can also directly prove the existence of the good moduli space by employing the
recent intrinsic criterion [AHLH23, Theorem A].

If a is general, then the stability and the semistability coincide. Then Mx (r, L, a) is a smooth
projective variety [MS80]. When k = 0, we denote the moduli stack of stable (resp. semistable)
bundles by M x (r, L)® (resp. Mx (r, L)**).

2.2. Functorial morphisms. Because of the connection between type A conformal blocks and the
moduli stack of (untwisted) principal parabolic SL,-bundles [BL94, Pau96, MY20, MY21], the case
of L = O has been spelled out most explicitly in literature. For a general L € Pic?(X), we may
describe Mx ,(r, L,a) as a contraction of Mx /(r, O,a’) for some p’ and a’. In this section, we
describe functorial morphisms between moduli stacks and moduli spaces.

Letp := (p1,--- ,pr) and p’ := p U {pg+1}. Fix d such that 1 < d < r — 1. For a parabolic bundle
(B, {Witi<i<k+1) € Mx p(r, ), consider the following epimorphism
(1) E = Elpe,, — Ep, /W = 0.

Let E;_, be the kernel. Then E;_, is a vector bundle of the determinant O(—(r — d)pg+1) =
O((d — 7)pk41)- Forgetting all flags on pj 1, we have an induced parabolic bundle (E, {Wi}1<;<k)
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over (X, p). The map (E, {Witi<i<kt1) = (Eq—r, {Wi}i1<i<k) induces a morphism of stacks
mq : Mx p (r,0) = Mx p(r, O((d — 7)pr+1))-

By selecting a stability appropriately, we may induce a morphism between their good moduli
spaces. Let a € A¥_, be a general parabolic weight. For the (k + 1)-st point, we define af*! as
agf’“ < efor j > dand a?“ > 1 — e for j < d, for sufficiently small ¢ > 0. We set a’ := a U ak*L.
By comparing the stabilities (Consult the proof of [LM23, Proposition 2.9]), we have an induced
morphism of stacks

mgq : MX,p’ (Tu 0, a/) — MX,p(Tv O((d - T)pk-‘rl)v a)

and the corresponding morphism between their good moduli spaces (we use the same notation,
if there is no chance of confusion)

(2) mg : Mx p (T, 0,a') — Mx p(r, O((d — r)pr+1), Q).

On the other hand, by tensoring an appropriate line bundle A on E, we obtain an isomorphism
MXP(T? L, a) = MXJ)(T? L® AT, a)7

© (B {Wi}) > (B A {Wi)).

Therefore, if deg(L1 ® Ly 1) is a multiple of r, Mx p(r,L1) = Mx p(r, L2) and there are simi-
lar isomorphisms between moduli stacks of a-semistable bundles and their good moduli spaces.
By composing (3) and (2), if deg L = d, we obtain a morphism My p(r, O,a’) — Mx p(r, L,a),
induced by my.

Assume further that (r,d) = 1 and a is sufficiently small, in the sense that 3%, Z;;} ab < e
Then the forgetful morphism 7 : Mx (7, L) = Mx(r, L) induces

m: Mxp(r,L,a) - Mx(r,L)*
(B, {We}) — E,

and the fiber is a product of flag varieties, because the flag structure does not affect to the stability
computation.

In summary, if a is sufficiently small, we have the following commutative diagram

4) My pr (1, 0) — s Mx p(r, L)

Mx(r,O) Mx(r,L).

Each 7 is a forgetful map, p is a good moduli map, and j is a natural inclusion. Note that some 7
on the left-hand side are not regular morphisms but are defined over an open substack.
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2.3. Schur functors and Borel-Weil-Bott theorem. Let F' be a rank r vector bundle on a stack M.
For a partition A = (A\; > A2 > --- > X\; > 0) of n with at most r parts, we denote the associate
Schur functor bundle by S\F. For instance, if A = (n), S\F' = Sym"F. If A = (1,1,---,1),
S\F = A"F.

Equivalently, following the standard representation theory of sl,, any partition A can be under-
stood as a sum of dominant integral weights A = ) a;jw;. Here wj is the j-th fundamental weight.
Then aj = )\j — /\j+1.

Let £ be the universal bundle over M x (r, L). Note that there is a forgetful M x (r, L)-morphism
Mx p(r, L) — F1(&]p,). For each partition A with at most r parts, there is an associated line bundle
Ly, » over FI(£|,,). By taking the pull-back, we have a line bundle L,, » over Mx ,(r, L). By the
Borel-Weil-Bott theorem, we have

(5) W*Lpi,k = S>\g it
Furthermore, using the Leray spectral sequence, one can identify their cohomology groups:
(6) H*(Mxp(r,L), Ly, ) = H (Mx(r,L), S\Ep,)-

When a is small, since the restricted map m : Mx p(r, L,a) = Mx(r, L)® is also a fibration with
the same fiber because Mx (7, L, a) = Mx (7, L)* X pq (r,0) Mx p(7, L). So the same cohomology
formula is true:

(7) H* (Mxyp(rv L, a)? Lpi)\) = H*(MX(Tv L)Su SKE 1)

On the other hand, note that the morphism my : Mx p/(r,0) — Mx p(r,L) in (1) does not
make any change along p; for 1 < i < k. Thus, we have

8) MgLp, x = Lp, 1.

From now on, for notational simplicity, we will suppress the pull-back m; if there is no chance of
confusion.

2.4. GIT construction. The moduli space Mx (r, L, a) of semistable parabolic bundles can also
be constructed by GIT. In this section, we briefly describe a construction.

Fix a degree one line bundle Ox (1) over X. Take a sufficiently large m € Z so that HY(E(m)) =
0 and E(m) is globally generated for all (E,{W{}) € Mxp(r,L,a). Let x,, := H°(E(m)) =
d+r(m+1-—yg). Let Q(m) = Quot(OX™) be the quot scheme parametrizing quotients OY" —
F — 0 such that the Hilbert polynomial of F is that of E(m). Let R(m) C Q(m) be the locally

A
closed subscheme parametrizing the quotients O™ % F — 0 such that H'(F) = 0, HO(OY) =
HO(F) = Cxm, F is locally free, and A"F 22 L(rm).

For the universal quotient O;‘(”;R(m) — F =0, let
R(m) = Xg(m)FL(F|p,)
be the fiber product of full-flag bundles. Then R(m) admits an SL,, -action, and Mx p(r, L, a) is
constructed as a GIT quotient R(m)//SL,,, with a certain linearization.
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The linearization is constructed explicitly in [Bho89]. Let Z := PHom(A"CXm HO(L(rm)))*.
Then for any [OX" % F — 0] € R(m), we assign

AT " ATHO(F) — HO(ATF) 2 HO(L(rm)).

This assignment induces a morphism R(m) — Z, which is indeed an embedding [Tha96, Section
7]. Furthermore, for each p; € p, we have an evaluation map 1; : Cxm = HY(F) - F |p;- Then for
each WJ?', we have ¢ 1(WJ’) € Gr(xm — 7 + j, Cxm). Therefore, we have a morphism

kE r—1
9) R(m) = Z x HHGr(Xm—r+j,(CXm).
i=1j=1
In [Bho89], Bhosle described an explicit ample line bundle A(a) on the right-hand side, such that
R(m)// a(a)SLx,, = Mx p(r, L,a). On the atlas R(m) — [R(m)/SLy,, |, note that the line bundle
Ly, w; is given by the restriction of Og;(y,, —r+j,cxm)(1) for the i-th factor in (9).
A parabolic bundle (E, {W{}) is a-unstable if it has a maximal destabilizing parabolic subbun-
dle (F,{W|pei}) such that pun(F,{W|.}) > pa(E, {Wi}). If we set s = rank F, e = deg F, and
J* C [r] such that

i 6—’_2?:12' Jiai‘
(P (W) = = 20

this irreducible component is indexed by the numerical triple (s, e, {J'}).

Definition 2.6. We denote the unstable stratum associated to the numerical data (s, e, {J}) by
S(Sve’{(}i}) C R(m)

Under the condition L = O, the codimension of the unstable locus is evaluated by Sun [Sun00].
See [MY20, Section 3.2] for a summary. In particular, in [MY20, p.254, (3.2)], it was shown that
codimension of S(, . 1 si1) is given by

k
s(r—s)(g—1)+ Zcodim Y+ re,
i=1

where Y C FI(C") is a certain flag variety. In [Sun00, Lemma 5.2] (see also [MY20, p.254]), it was
shown that 3% codim Y7 4 re is positive. In summary, we have:

Lemma 2.7. The codimension of the unstable locus S . ¢ yiy) is at least s(r — s)(g — 1) + 1.

3. BONDAL-ORLOV CRITERION AND COHOMOLOGY OF LINE BUNDLES

Many natural functors between two derived categories of algebraic varieties are constructed as
Fourier-Mukai transforms ® . In this section, we describe the Fourier-Mukai kernel that we will
use and reformulate the Bondal-Orlov criterion for the fully-faithfulness of ®r.
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3.1. Fourier-Mukai kernel. Let X" be the product of n copies of X and let ¢; : X" — X be
the projection to its i-th factor. There is a natural S,,-action on X". We denote the quotient map
q: X" — X, = X"/S, = Hilb"(X), which is a finite flat morphism. This construction can be
relativized, obviously. For any scheme or stack M, we have a quotient map gy : X" x M —
Xy, x M. If there is no chance of confusion, we will suppress the subscript M and denote it by g.

Let £ be the universal bundle on the moduli stack M x(r, L). Let Mx(r, L)** C Mx(r,L) be
the open substack of the semistable bundles and p : M x(r, L)*®* — Mx(r, L) be the good moduli
space morphism.

Suppose that (r,d) = 1, where d = deg L. Then there is a section o : Mx(r, L) = Mx(r, L)% =
Mx (r,L)*. A Poincaré bundle on the coarse moduli space is 0*€, the pull-back of the universal
bundle over the moduli stack. Note that it depends on the choice of a section ¢, which is equivalent
to a choice of a line bundle on M x (r, L).

Definition 3.1. Consider a Poincaré bundle ¢*& over X x Mx(r, L). We set
n
(0*E)®" .= ®q§ka*5.
i=1

Then (0*£)®" is an S,-equivariant bundle of rank r". By taking the invariant functor, we obtain a
vector bundle

(10) F = (qu(c*E)®™)5n
on X,, x Mx(r, L) [TT21, Lemma 2.1].

Definition 3.2. For p = (}_p;) € X,, let 7, = 1, F be the restriction of F by ¢p : {p} xMx(r, L) —
X, x Mx(r, L).

Lemma 3.3 ([TT21, Corollary 2.8]). The restricted bundle Fy, is a deformation of Q), q;0*Ep,. In other
words, there is a family of bundles over A' x Mx (r, L) such that the restriction to {0} x Mx(r, L) is
isomorphic to ), qf0*Ey, and that to {t} x Mx (r, L) for t # 0 is isomorphic to Fp.

Definition 3.4. Let ®r : D*(X,,) — D*(Mx(r, L)) be the Fourier-Mukai transform with the kernel
F in (10), that is,
Or(E®) = Rpau(Lpi E® @F F).

Remark 3.5. The definition of the Fourier-Mukai kernel F and the Fourier-Mukai transform & r
depend on a choice of Poincaré bundle ¢*£. To be more precise, we denote F7 := (g.(c*E)®")5n.
Then for two sections 0,0’ : Mx (r, L) = Mx(r,L)%, 0" € = (6*E)@p} A for some A € Pic(Mx(r, L)).
Then

F7 = (g:(0" €))% = (qu(07E @ psA)*") = (qu(07E)®) @ ps A" = F7 @ py A

By the projection formula,
QL. (E%) = Pro(E®) @ A,

Therefore, the fully-faithfulness does not change and we may choose any Poincaré bundle.

We will prove Theorem A by showing that the functor &z : D*(X,,) — D*(Mx(r, L)) is fully-
faithful.
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3.2. Bondal-Orlov criterion. We show the fully-faithfulness by employing the classical result of
Bondal and Orlov [BO95, Theorem 1.1]. We state a version adapted to our situation.

Theorem 3.6 (Bondal-Orlov criterion). The functor @ r is fully faithful if and only if the following three
conditions hold:

(1) (Simplicity) H°(Mx (r, L), Fp @ Fp;) = C.
(2) (Cohomological boundedness) H'(Mx (r, L), Fp ® F7) = 0 for i > n.
(3) (Cohomological triviality) H*(Mx (r, L), Fp ® Fq) =0forallp #q¢€ Xnandi € Z.

Remark 3.7. We say a coherent sheaf F' on an algebraic stack (or a scheme) M is cohomologically
bounded up to degree n if H'(M, F) = 0 for all i > n. F is cohomologically trivial if H'(M, F) = 0 for
all > 0.

4. QUANTIZATION

The cohomological boundedness/triviality on the coarse moduli space will be shown by com-
paring the cohomology groups with those on the moduli stack. Then, we need to estimate the
effect of unstable strata. By employing [HL15], we show that the contribution of the unstable loci
is negligible if n is relatively small.

4.1. Contribution of unstable loci. Let V' be a smooth quasi-projective variety with a reductive
group G action. Let A be a G-linearization on V. We review [HL15] which explains how to com-
pare D’([V/G]) and D?([V**(A)/G]) where the latter quotient stack [V**(A)/G] has a good moduli
space V// 4G (thus ©* : D*(V// 4G) — DP([V*$(A)/G]) is fully-faithful).

The Kempf-Ness stratification of V' can be constructed as the following. For each one-parameter
subgroup ) : C* — G, let Z C V* be an irreducible component of the torus fixed locus X*. Then,
one may compute the numerical invariant

_Wt)\A‘Z
Al

u(A, Z) =

Take a pair (A, Z) such that ;( ), Z) is the largest positive one. Weset Yy 7 := {z € V' | limy_,0 A(¢) -
x € Z}and Sy z := G -Y) z. Then S, 7 is a stratum in the unstable locus. One can continue this
construction by starting with V'\ S) 7, and the G-action on it.

Theorem 4.1 (Quantization Theorem [HL15, Theorem 3.29]). Let n be the A\-weight of A\*P N ;A 2V |z
Let E* € Db([V/G]), and suppose that the A\-weight of H*(E*®|z) is supported on (—oo,n). Then

HY([V/G], E*) = H*([V**(A)/Gl, E*[lvss (a)/c1)-

Thus, if the given sheaf does not have a too large A-weight, then its cohomology on the semistable
locus coincides with the cohomology over the whole quotient stack. By induction, this theorem is
valid for the GIT quotient with many components in the unstable loci.
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4.2. The case of moduli space of parabolic bundles. We apply Theorem 4.1 to M x (7, O, a). The
main result is Corollary 4.3, which shows that the unstable loci are negligible in the cohomology
calculation.

Let S = S, 7)) be a stratum of the unstable locus, and let the associated one-parameter
subgroup be \(t). The A-fixed locus Z C S parametrizes data
{0 @0 % Bt (m) @ E~(m) + 0, {WJ}},
where ¢ = ¢t @ =, E (resp. E7) is of degree ¢ (resp. —¢), and W C E* U E~, in other words,
Wi = (E*|,, NW}) @ (E~ |, n\W}). Here x* (m) = dimH(E*(m)) and x~ (m) = dim H°(E~ (m)).
If we take a general point of S, then both E™ and E~ are simple; hence A(¢) acts on each factor
as a scalar multiplication. So, up to normalization, \(¢) acts as

=X~ 0
0o x|

For a general pointin Z, (E*,{W |-, }) has the following property. For any j with J} < j < J;,,
dim E*[,, "W} = k and dim E~|,, N W} = j — k. Therefore,
dimCX" Ny (W) = xT — s+ k,
and
dimCX N (W) =x" = (r—s)+j—k.
Thus,
WirLp,w; ==X (X" —s+ k) +XT (X —rts+i— k) =x(s—k) = x"(r—J)

=rm+1—-g)(s—k)—(e+s(m+1—g))(r—yj)

— (m+1—g)(sj — k) — er — )
Since j—k <dimE~ |y, =r—s,sj—rk < s(r—s+k)—rk = (r—s)(s—k). And if m > 0, because
X is a linear polynomial for m but e and j are bounded constants,

Wi Lpousy = (m+ 1= g)(sj — 1%) — e(r — ) < (m+1— g)(r — 5)(s — k) — e(r — J)
(r—s)(s—k) (r—s)(s—k)+1<x(7’—s)s+1.

X " e(r—j) <x . .

Therefore, for a dominant weight ) ajw; with a; > 0, the A-weight of the associated line bundle
Ly, x = Ly, 5 a;0,; s at most

X(Zaj)w_

,
On the other hand, by [Tha96, Section 7], A(t) acts on Ng /v\ z by a multiplication of ¢~X. Thus,
n = wty A"P Ng |z = x - rank Ngjy > x (s(r —s)(g — 1) + 1)
by Lemma 2.7. In particular, if > a; < r((r —s)s(¢g — 1) +1)/((r —s)s + 1),

r—s)s+1
WA Lp, 5 ajw; < XO aj)(r) < x((r—s)s(g—1)+1) <.

The minimum of r((r — s)s(¢g — 1) + 1)/((r — s)s + 1) for 1 < s < r — 1 is achieved when s = 1,
henceitisr((r —1)(¢ —1)+1)/(r =1+ 1) = (r — 1)(¢g — 1) + 1. Then we obtain the following
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result by the Quantization Theorem (Theorem 4.1). Note that we use A to describe a partition, not
a one-parameter subgroup in the statement.

Proposition 4.2. For a partition A = ) ajw;j with ) a; < (r—1)(g—1) +1,

H*([R(m) /SLy,. ), Lp,.a) = H*([R(m)*(A(@))/SLy., ], L) = H (M (r, O, a), Ly, 2)-
Corollary 4.3. For a partition A = ) ajw; with ) a; < (r—1)(g — 1) + 1,
(11) H*(Mx p(r,0), Ly, ») = H (Mx p(r,0,a), Ly, »).
Proof. There is an open embedding
[R(m)/SLy,.] € [R(m +1)/SLy,,.].

and we have an isomorphism of stacks

M p(r, 0) = lim[R(m) /SLy,, |

For L,, » with p; € p, we have a morphism

(12) H* (M p(r, 0), Ly, x) = lim H([R(m) /SLy,,, 5, Ly, 2)

where 1, : [R(m)/ SLy,.] € Mxp(r,0). By Proposition 4.2, each cohomology is identified
with the cohomology of a line bundle on a projective variety Mx p(r, O,a). Hence it is finite-
dimensional. Thus, the inverse system on the right hand side satisfies the Mittag-Leffler condition.
Therefore, the map in (12) is an isomorphism. 0

5. COHOMOLOGICAL BOUNDEDNESS

The classical Borel-Weil-Bott theorem provides a recipe to compute the cohomology of all line
bundles over the full-flag variety F1(V') of a finite-dimensional vector space V. This is extended
to the case of the moduli stack of vector bundles with trivial determinant by Teleman [Tel98]. In
this section, we review the Borel-Weil-Bott-Teleman theory and its implication to the cohomology
boundedness/triviality.

5.1. Borel-Weil-Bott for curves. Recall that Pic(Mx(r,O)) = Z. Let © € Pic(Mx(r, O)) be the
ample generator. For the universal family £ over M x (r, ©), a point p € X, and a partition A F n of
length at most r — 1, let S)\&, be the Schur functor applied to &, (Section 2.3). If we have k distinct

points p = (p1,p2, -+ ,px) and n partitions A1, Ag, - - - , A, we may construct a vector bundle
k
0" @ Q) Sn.Ep-
i=1

Teleman’s extension of the Borel-Weil-Bott theorem evaluates the cohomology groups of these
bundles.

Here we give some relevant representation theoretic definitions, specialized to SL,. Let h be
a fixed nonnegative integer. Let h be the Cartan subalgebra of sl,. On the Euclidean space h*
with the normalized Killing form (—, —), let {3;} be the set of fixed simple roots, and {w;} be
the associated fundamental weights. With respect to the Killing form, {w;} is the dual basis of
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{B;}. We denote by p the half sum of all positive roots, or equivalently, the sum of all fundamental
weights. The set of hyperplanes {\ | (\,5) € (h + r)Z} where 3 is a root of h, divides h* into
polyhedral chambers, the so-called Weyl! alcoves. The alcove containing the small highest weights
is called the positive alcove. The positive alcove is an open simplex bounded by {(\, 8;) > 0}1<j<,—1
and (A, Y121 Bj) < h+r.

We say a weight ) is regular if A+ p is on the interior of one of the alcoves. Otherwise, ) is called
singular. For a regular weight, the length ¢(\) is defined as the number of Weyl reflections that
requires to map A + p to i + p in the positive alcove. Equivalently, £()\) is the minimum number
of hyperplanes required to cross to move from the alcove containing A + p to the positive alcove.
In this situation, y is called the ground form of . Since p = ) w; and {w; } is the dual basis of {3;},
for a given weight A = " ajwj, A + p is in the positive alcove if and only if a; > 0and ) a; < h.

Remark 5.1. If h = 0, the only X such that A + p is in the positive alcove is A = 0.

Theorem 5.2 ([Tel98]). Fix h > 0. Suppose that, with respect to h + r, all \;’s are regular. Then
H{(Mx(r,0),0" @ @F_, Sx.&p) = HO(Mx(r,0), 0" @ ®F_| 5,,.,,), where £ = 3" £();) is the sum
of the lengths of \;’s and y; is the ground form of \;, and all other cohomology groups are trivial. If one of
\i’s is singular, then H*(Mx (r, 0), 0" ® ®f:1 SxiEp;) = 0.

If we set p = (p1,p2,- -+ ,pk) as the set of parabolic points, the moduli stack M x (7, L) of the
parabolic bundles over (X, p) is obtained by taking the fiber product of the relative flag bundles.
(Section 2.1) By the Borel-Weil-Bott and the degeneration of the Leray spectral sequence and the
fact that the push-forward of L,, », is S),&p,, we obtain

k k
(13) H* (Mx p(r,0),0" @ R) Ly, 1) = H (Mx(r,0),0" @ (X) S1,Ep,)-
i=1 i=1
Therefore, Teleman’s theorem can be understood as the cohomology evaluation of line bundles on
the moduli stack of parabolic bundles.

5.2. Cohomological boundedness and triviality on the moduli stack. In this section, all bundles
are over M x(r,0). We start with a few combinatorial lemmas. Let £ be the universal bundle
over X x Mx(r,O). Recall that a coherent sheaf F' is cohomologically bounded up to degree n if
HY(F) = 0 for all i > n (Remark 3.7).

Under the assumption h = 0, here we describe the Weyl reflection more explicitly. Let A =
> a;w; be a dominant weight. Then A + p = > (a; + 1)w;. We set h = 0 in the statement of
Theorem 5.2. We investigate the effect of a Weyl reflection on \. For notational simplicity, we set
wo = wy = 0. There are r(r — 1) /2 positive roots 5 := 3; + fit1+ -+ Bj = —wi—1 +w; + wj —wjq1
withi < j. When ¢ = j, wehave 8 = 3; = —w;—1 + 2w; —w;4+1. The partition ) is singular if there is
a positive root § such that |(A + p, ). If A is regular, the Weyl alcove containing \ + p is bounded
by affine hyperplanes (A + p, 5) = £1 mod r for positive roots, and there is a positive root 5 such
that (A + p, 8) = 1 mod r. The Weyl reflection along the  moves A + pto A + p — 5.

Lemma 5.3. Suppose that r > 2n. For any partitions A and p with |X\| = |u| = n, SxE, ® SL.E, is
cohomologically bounded up to degree n.
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Proof. Suppose that p has columns (not rows!) u! > p? > ... > u! > 0. Then the dual partition p*,
which gives the isomorphism S,+€, = S,& has the columns r — ' > r — p!~! > ... > ¢ — pl.

Since |p| = n and r > 2n, the length of each columns of p* is at least n + 1.

We may decompose the tensor product of S)&, and S, as a direct sum of Schur functors:

SxEp @ Sl = EP X - Sup
By the Littlewood-Richardson rule [Ful97, p. 121, Corollary 2], ci e is the number of skew semis-
tandard Young tableaux of shape v/;* with some extra combinatorial conditions. Because r > 2n,
v with a nonzero cf . is a partition that has the following properties. It has at most n boxes
of ‘small height” (the columns including the boxes have the height at most n < (r — 1)/2) and
at least tr — n boxes of ‘large height’ (the columns containing the boxes have the height at least
(r—1)/2+1 > n+1). See Figure 1.

A J w* v

FIGURE 1. List of four partitions v with nonzero <X, u forr=7,n=3,1=(22>1),
m=(3).

Let v = ) ajw;. If v is singular, then by Theorem 5.2, S,&, is cohomologically trivial. So,
suppose that v is regular. Then there is a positive root § = f;+ ;41 +- - -+ 3; such that (v +p, ) =
1 mod r. Because (v + p, ) = {::i(ak—i—l) <2n+r—-1<2r—1,(v+p,B) =1lorr—+1. The
tirst case only occurs if 3 = 3; and a; = 0. In this case, the i-th coefficient of v + p — 5 is —1, so it
is out of the region of dominant weights. Thus, we do not consider the reflection. Hence, we may
assume that there is a root 8 = 5; + Bi41 + - - - + 5 with i < jsuch that (v + p, ) =7 + 1.

We claim thati < (r—1)/2and j > (r—1)/24+ 1. Ifnot, j < (r—1)/20ri > (r—1)/2+1. In the
former case, because (v +p, 5) < Z,g;l)/2(ak +1)<n+(r—1)/2.Butn+(r—1)/2< (2r—1)/2 <
r+ 1= (v + p, 3), hence this is impossible. We may exclude the i > (r — 1)/2 + 1 case similarly.

Take the Weyl reflection associated with 5 = ;4 - -+f3;. Sincei < (r—1)/2and j > (r—1)/2+1,
in terms of the associated Young diagram, this corresponds to

(1) Removing a box from one row in the small height part;
(2) Adding a box to one row in the large height part;
(3) Eliminating any column with length r (if it exists).

Since there are at most n boxes of small height on v, this procedure terminates at most n steps and
reaches 0+p. Therefore, the length ¢(v) is at most n. By Theorem 5.2, with h = 0, H (M x(r, 0), S,.&,) =
0 fori > n.

Therefore, all irreducible factors S, &, are cohomologically bounded up to degree n, and the
same is true for S\&, ® S,.E, . O
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Lemma 5.4. Suppose that r > 2n. For a partition X\ - n, if |\| = n, then X\ and X\* are singular. Thus
S\Ep and Sy+E&, are cohomologically trivial.

Proof. Set A = )" ajwj. Then A+ p = > (a; + 1)w;. Since [A| = > ja; = n,a := > a; < nand
aj =0forj >r—a>n. Nowif wetake 8 := 1+ -+ Br_q,

r—

r—a 1
A+pB) =) (a;+1)=) (a;+1)—(a-1) =a+r—-1-(a—1)=r
j=1

j=1
Therefore A is singular. The singularity of A* follows from the symmetry 3; <+ 3,_;. The second
statement follows from Theorem 5.2. O

5.3. Cohomological boundedness and triviality on the moduli space. We are ready to prove the
desired cohomological boundedness and the triviality over M x (r, L). In this section, we assume
that (r,d) = 1 where d = det L.

The following lemma tells us that for ‘balanced” tensor products of Schur functors, the universal
bundle gives the same bundle with the pull-back of a Poincaré bundle.

Lemma 5.5. Let & be the universal bundle over X x Mx(r, L) and let o*E be a Poincaré bundle over
X x Mx(r, L) for a section o : Mx (r, L) — Mx(r, L)*. For two sequences of points p1,pa,--- ,pr € X,
q1,q2, - ,qe € X, and two sequences of partitions \', N2, -+ N\ and pt, p?, - -+, ub such that 3 |\| =
> |w?|, there is an isomorphism

® Sxiépi ® ® Su;€q; =1 <® Sx,0"Ep, @ ® Sﬂja*5;j> '

Proof. For the good moduli map p : Mx(r,L)* — Mx(r, L), since Mx(r,L)* is a C*-gerbe over
Mx (r, L), the pull-back of a universal bundle p*c*€ differs from £ by a tensor product of a line
bundle F' on the stack. Because the Schur functor construction is functorial,

P (® 00" Ep, ® (X S,ng*g;j) =~ R Sap 0" Ep © R Sy 10" E;
= Q) S (€ ® F) @ Q) Sp,0" (€, @ F)"
=~ @ (18 @ PN e @ (8,,6) 0 Bl
=~ R) S @ R S,E5, © FEMI-EIns|

and the power of F'is zero by the assumption. 0

We first show the cohomological boundedness.

Proposition 5.6. Suppose r > 2n and let p € X,,. Then H'(Mx (1, O), Fp ® Fp) =0fori>n.

Proof. We first consider the case that p = (np). Since F, is a deformation of (6*£,)®" (Lemma
3.3), by the semicontinuity, it is sufficient to show that H'(Mx (r, 0), (0*&,)®" @ (0*£5)®") = 0 for
i > n. By the Schur-Weyl duality, there is an isomorphism

(07Ep) " = @ VA ® Sx(07Ep),
AFn
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where V) is an irreducible S, -representation associated to A. Then

(0°6p)"" @ (0*E5)*" = @Y Va ® Sa(07Ep) @ D Va ® Sa(0™Ey)

AFn AFn
= @ mA,uSA(G*Sp) ® S“(O'*g;),
A pubn

for some integers m, ,,. Since p* : D*(Mx(r, L)) — D*(Mx(r, L)?) is fully-faithful [LM23, Lemma
6.1], the cohomology of S)(0*&y) @5, (0*E;) can be computed after pulling back to M x (r, L)*. By
Lemma 5.5, this is isomorphic to Sx&, ® S,.E;.

Littlewood-Richardson rule implies

SxEp @ Sl = EP X - SuEp.

So, we may reduce the statement to the cohomological boundedness of S, &,. Then, by the coho-
mology identifications in previous sections,

@)
H*(Mx (r, L)%, 8,&p) = H (Mx (1, L, a), L) = H (Mx (7, O, a'), Ly,)

a

(14)
1) (6)
= H*(Mxﬁ(p’p,)(r, 0),L,,) =H (Mx(r,0),5,&).

The second isomorphism comes from the following observation. By (8), for a morphism
mgq : MX,(p,p’)(ra 0, a/) - MX:(P) (T’ L, a)’

the pull-back of L,, , is L,,,,. The morphism m is a Grassmannian bundle, so it is cohomologically
trivial (Rmg.O = O). The cohomology identification comes from the projection formula and the
Grothendieck spectral sequence.

In summary, we may reduce the cohomology computation of S\&, ® S,&, over Mx(r, O). Fi-
nally, by Lemma 5.3, over Mx (r, 0), S,&, is cohomologically bounded up to degree n.

Now, we prove the general case. The symmetric product X,, = Hilb"(X) is naturally stratified
by the multiplicities of point configuration. For a partition A = (A; > Ao > --- > A\ > 0) of n, we
set

X = {\ip1 + Aapa + -+ + M\epr, € Hilb™(X) | p; # pj if i # 5}

Then X,, = Uy, X. By the semicontinuity of cohomology, the vanishing of cohomology is true for
general points of arbitrary strata X C X,,, as X, is the unique closed stratum and the closure of
any other stratum intersect X,,). Theorem 5.2 does not depend on the actual point configuration.
Therefore, if the cohomology vanishing is true for one point of X}, then it is true for every point
on X ). Thus, the desired statement is true for the whole X,,. ]

Along the same line of the proof, we can show the cohomological triviality as well.

Proposition 5.7. Suppose that v > 2n and p # q € Xp. Then Fy, ® Fg is cohomologically trivial.

Proof. First, consider p = (np) and q = (ng) with p # g € X. Because of the deformation property
of F, (Lemma 3.3), it is sufficient to show the cohomological triviality of (¢*&,)®" @ (o*&7)®™.
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Applying the Schur-Weyl duality and the tensor decomposition, we have
(0*E)°" ® (0*6';)@" = @ mx A" Ep) @ Su(0™Ey).
A pukn
By virtue of Lemma 5.5, over Mx (r, L)%, p*(Sx(c*&y) ® Su(0*&;)) = SxEp ® S,E,. Then, as in
(14), we may reduce the computation to the bundle over M x (r, ©). Lemma 5.4 implies that X is

singular. By Theorem 5.2, S)\&, ® 5,&; is cohomologically trivial regardless of . Hence (0*&,)®" ®
(0*&;)®™ is cohomologically trivial, too.

The semicontinuity tells us that the cohomological triviality is valid for general points on X x
X, C X, x X,. Since the cohomology computation only depends on the pair of partitions by
Theorem 5.2, we obtained the desired triviality for all points. O]

In summary, we have Items (2) and (3) of Theorem 3.6.

Remark 5.8. One may observe that we only used a particular case (h = 0) of Theorem 5.2. This
is because all of the bundles we need to compute their cohomology are ‘balanced” ones. The
technique developed in this article can be extended to more general questions including the com-
putation of a semiorthogonal decomposition in D*(Mx(r, L)) and a construction of ACM bundles
on Mx(r, L) as in [LM21, LM23]. We expect that in the future work along this direction, a twist by
the theta divisor © will play a crucial role, and we need to employ the full power of Theorem 5.2.

6. SIMPLICITY

To complete the proof of Theorem 3.6, and hence Theorem A, it remains to show the simplicity
of F,, for p € X,,. In this section, we prove this result. In this section, we assume (r,d) = 1 where
d = deg L. Let 0*& be a Poincaré bundle over X x Mx(r, L).

Proposition 6.1. For any p € X,,, Fp is simple. That is, End(Fp) = C.

Proof. For any vector bundle E, End(E) # 0. Thus, it is sufficient to show that dim End(F,) < 1.

Let p = (3_Ajpj) € X, with p; # pjif i # j. Then F, = @, Fy;p, [TT21, Lemma 2.6] and
itis an Sy, x Sy, X --- x Sy, -invariant bundle. Since it is a deformation of j(a*gpj)@’*f, by the
semicontinuity, there is an injective map

Hom(Fp, Fp) < Hom(Fp, R)(07E,,)) = Hom(Fp, R) €D Vi ® Su(07,)).
j JpEA
Since the deformation is Sy, x Sy, x - - x Sy, -equivariant and Sy, x Sy, x --- x Sy, trivially acts

on F,, the image factors through the invariant subbundle, that is, & ; Sym?™i (0*&p;). Therefore,
we have an injective map

Hom(Fp, Fp) < Hom(Fp, X) Sym™ (6*,))).
J
We may apply the deformation argument once again, then we have an inclusion

Hom(Fp, Q) Sym™ (6*&,,)) < Hom((X)(07E,,), (X) Sym™ (0*E,,))
j J

J J
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= Hom(® EB Vi ® 8u(0*&p,), ® Sym™ (0"Ep;))
J o pEA; J
and the last space is a direct sum of
HY(Mx (r, L), @) Su(0" &) @ S, (07Epy)).
J

By applying the chain of isomorphisms in (14), the computation of the cohomology group is
reduced to that of

(15) HO(M)((T, O),@S#* (gpj) ® S(}\])(gp]))

J

Note that because we are only interested in the zeroth-cohomology and the codimension of the
unstable locus is large (Lemma 2.7), the map in (11) is an isomorphism without the condition on
the partition.

Decompose 5,+Ep; @ S(x;)Ep, = D . ( Aj)Sl,(S’][,j. Note that among the direct summands on the
right-hand side, the only one that v + p is already in the positive Weyl alcove is Sy ;.. n&p;, =
So&p; = O, by Remark 5.1, and it appears only if 4 = ()\;). By Theorem 5.2, the only nonzero
contribution to (15) is given by the direct sum of

HO(MX(Tv O)? ® S()\j)* (Spj) ® S()\j)(gpj)>7
J
and its multiplicity is precisely the product of the multiplicities of S, )(&p;) = Sym™i p; N
(&p; )®%i, which is one. Therefore,

dim End(Fp) < dimH(Mx (r, 0), Q) Sy (Ep;) @ S (Ep;)) =1
J

and we are done. O

This completes the proof of Theorem 3.6 and Theorem A.

7. FANO VISITOR

7.1. Fano visitors for derived categories. In this section, we will show that X,, and Jac(X) are
Fano visitors. Since Mx (r, L) is a smooth Fano variety of dimension (r? — 1)(g — 1), Theorem A
immediately implies the following consequence.

Corollary 7.1. Let X be a smooth curve of genus g > 2. Then the symmetric product X,, is a Fano visitor,
and its Fano dimension Fdim X, is at most ((2n + 1)% — 1)(g — 1).

Remark 7.2. The upper bound of the Fano dimension is not tight. For n < g — 1, the embedding
D’(X,) — D*(Mx (2, L)) is obtained by the work of Tevelev-Torres in [TT21]. Thus, for this range,
the upper bound of the Fano dimension is dimMx (2, L) = 3(g — 1), thus Fdim X,, < 3g — 3. For
general low genus curves, one can find better upper bounds [KL23, Section 5].
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For any birational morphism f : V' — W between two smooth projective varieties, the natural
morphism Oy — Rf.Oy is an isomorphism [Hir64, p. 144]. Thus, for any F'*, G* € D*(W),

Hom(Lf*F*, Lf*G*) = Hom(F*, Rf.Lf*G*) = Hom(F*, G*)
by the projection formula. Thus, Lf* : D*(W) — D?(V) is fully-faithful.

Proof of Theorem B. The Abel-Jacobi map AJ : X, — Jac(X) is a birational morphism between
smooth varieties. By the above argument, we have an embedding LAJ* : D?(Jac(X)) — D°(X,).
So we have an embedding

®dro LAJ* : D*(Jac(X)) — D*(Mx (29 + 1,L)).

The dimension of Mx (29 + 1, L) is (29 +1)2—1)(g—1) = 4(g+ 1)g(g — 1). So we obtain an upper
bound of Fdim Jac(X). O

Remark 7.3. If g(X) = 0, the Jacobian is trivial. When g(X) = 1, the Abel-Jacobi map is an
isomorphism.

It is well-known that any principally polarized abelian variety A of dimension < 3 are either
Jacobian of a curve or products of Jacobians. Thus, applying [Kuz11, Corollary 5.10], Db(A) is
embedded into the derived category of a product of Fano varieties, which is Fano.

Corollary 7.4. Any principally polarized abelian varieties of dimension < 3 are Fano visitors.

Remark 7.5. Since X,, and abelian varieties are not simply connected, they are not complete inter-
sections. Thus, they are new examples of Fano visitors.

Remark 7.6. Derived categories of abelian varieties are also indecomposable [KO15, Corollary
1.5]. In the range of 1 < n < g — 1, the indecomposability of D’(X,,) is obtained by an accumula-
tion of many works (see [Lin21]). On the other hand, when n > g, an explicit semiorthogonal de-
composition of D’(X,,) is obtained independently in [Tod21, Section 5.5], [BK24, Theorem D], and
[JL22, Corollary 3.10]. Indeed, D*(X,,) can be decomposed into the derived categories of Jac(X)
and X,,, with m < g—1. Note that for large n, Theorem A embeds the whole Db(Xn). In particular,
it embeds all semiorthogonal components of it, including multiple copies of D®(Jac(X)).

7.2. Motivic Fano visitors. Orlov conjectured that semiorthogonal decompositions of derived
categories of algebraic varieties are closely related to motives of them [Orl05]. From this per-
spective, it is natural to ask the following definition.

Definition 7.7. A smooth projective variety V' is a motivic Fano visitor if its rational Chow motive
(or one of its tensor products with Lefschetz motives) is a direct summand of the rational Chow
motive of a smooth Fano variety .

Then we can state the Fano visitor problem for motives as follows.

Question 7.8 (Fano visitor problem for motives). Is every smooth projective variety a motivic Fano
visitor?
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One may ask similar questions for the other versions of motives, for instance, the Grothendieck
ring of varieties, numerical motives, Voevodsky motives, and so on. For simplicity, we restrict
ourselves to rational Chow motives in this paper. See [GL20] and references therein for more
details about motives.

Del Bafio obtained the following formula.
Theorem 7.9 ([Ban98][Ban01, Theorem 4.11]). Let r > 2, d be two integers which are coprime to each

other. Then the motivic Poincaré polynomial of M x (r, d) is
ri—1

d 1 1h1 : (1 +LHMO)
)OINED DI CIE e Sl | | e

s=1ri+--+rs=r,r;EN 7j=1 =1
s—1 1 1 T4t
H (i< rari(9-D)+32501 (ritrip) (- =—2d))
1 —Lritri+1
Jj=1

Taking the quotient by the motive of the Jacobian, we obtain an analogous formula for Mx (7, L).
See [GL20] for the detail of the argument.

Fu, Hoskins, and Lehalleur proved that under some finiteness assumption, the comparison of
the motivic Poincaré polynomial suffices to obtain an isomorphism between Chow motives.

Proposition 7.10 ([FHL21, Proposition 2.2]). Let M, My be two Kimura finite dimensional effective
Chow motives whose motivic Poincaré polynomials are the same. Then M is isomorphic to Mo as effective
Chow motives.

Using the strategies of [GL20] and [FHL21], we get the following proposition.

Proposition 7.11. For any smooth curve X and n € N, the symmetric product X,, is a motivic Fano
visitor.

Proof. Let V be a smooth projective variety. The Grothendieck standard conjecture implies that
h(V') admits a decomposition h(V) = hO(V) @ --- @ h24mV (V') which provides the usual coho-
mology decomposition
H*(V)=H'(V)@® .. @ H2dmV (1),

For V. = Mx(r, L), del Bano proved that the decomposition exists uniquely when we consider
motives defined with homological equivalences. This decomposition induces a decomposition for
the numerical motives. See [Ban98] for more details. The restriction of the functor from Chow
motives to numerical motives to the Kimura finite dimensional Chow motives is full and con-
servative [And05, FHL21]. Since the Chow motives h(Mx(r, L)) is Kimura finite dimensional, it
admits the following decomposition

h(Mx (r, L)) = h-(Mx (r, L)) @ ho(Mx (r, L)) © h (Mx (r, L))
which provides the following cohomology decomposition,
H* (MX (T’, L)) — Hi§4n(MX (7", L)) @ H4n<i<(r2—1)(g—1)—4n(MX (T’, L)) @ Hiz(r2—1)(g—1)—4n(MX (7“, L))

after applying the realization functor.
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When r is sufficiently large, Theorem 7.9, the proof of [GL20, Theorem 1.3], and Proposition
7.10 imply that h_ (Mx (r, L)) admits a decomposition h_(Mx (r, L)) = h(X,) ® L™ & R where R
is an effective Chow motive. Using Proposition 7.10 again, we obtain the desired conclusion. [

Vial proved that if there is a surjective morphism f : W — V between two smooth projective
varieties, the rational Chow motive of V is a direct summand of that of W [Vial3, Theorem 1.4].
Note that the Abel-Jacobi map AJ : X,, — Jac(X) is surjective for any smooth curve X when
n > g. Thus, we obtain the following:

Corollary 7.12. For any smooth curve X, the Jacobian Jac(X) is a motivic Fano visitot.

On the other hand, Matsusaka’s theorem says that every abelian variety admits a surjection
from Jac(X) for some curve X [Mat52]. From Matsusaka’s theorem and Vial’s theorem, we have
the following conclusion, which provides a shred of evidence for the affirmative answer to Ques-
tion 1.8.

Corollary 7.13. Every abelian variety is a motivic Fano visitor.
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